MIXED Ap-Ar INEQUALITIES FOR CLASSICAL 
SINGULAR INTEGRALS AND LITTLEWOOD-PALEY 

OPERATORS 

O 

CN . ANDREI K. LERNER 

Abstract. We prove mixed Ap-A^ inequalities for several ba- 
sic singular integrals, Littlewood-Paley operators, and the vector- 
\ valued maximal function. Our key point is that r can be taken 

' arbitrary big. Hence such inequalities are close in spirit to those 

obtained recently in the works by T. Hytonen and C. Perez, and 
M. Lacey. On one hand, the "Ap-Aoo" constant in these works 
involves two independent suprema. On the other hand, the "Ap- 
Aj." constant in our estimates involves a joint supremum but of 
' a bigger expression. We show in simple examples that both such 

' constants are incomparable. This leads to a natural conjecture 

that the estimates of both types can be further improved. 



< 



^ : 1. Introduction 

^ ■ Given a weight (that is, a non-negative locally integrable function) w 

in and a cube Q C M", let 



Q 
and 

II^IIaj, = sup Ap{w] Q). 



^ ■ Sharp weighted norm inequalities in terms of have been ob- 

- - tained recently for the Calderon-Zygmund operators and for a large 

class of the Littlewood-Paley operators. To be more precise, if T is a 
Calderon-Zygmund operator, then 

max( 1 , — ^ ) 

(1.1) \\T\\Lv{yj) < c{T,p,n)\\w\\A^ " (l<p<cx)). 

This result in its full generality is due to T. Hytonen [5]; we also re- 
fer to this work for a very detailed history of closely related results 
and particular cases. Soon after appearing [S], a somewhat simplified 
approach to (II. ip was found in [8]. 



2000 Mathematics Subject Classification. 42B20,42B25. 

Key words and phrases. Sharp weighted inequalities, Ap weights, Aoo weights. 

1 



2 



ANDREI K. LERNER 



If S" is a Littlewood-Paley operator (in particular, any typical square 
function), then (see [IT] and the references therein) 

(1.2) <c(5,p,n)||w||"''^^'^^ (l<p<oo). 

Observe that the exponents in (11. ip and (11.21) are sharp for any 
1 < p < oo. However, it turns out that this is not the end of the story. 
Very recently, T. Hytonen and C. Perez [7] have studied mixed Ap-A^o 
estimates that improve many of known sharp Ap estimates. Denote 

IHU.^=up^.(»;Q)^.up(-L/.,)exp(J^/,o.»- 

QCR" QCM" ^IVl Jq / V|(^| Jq 

Set also 

QCR" W[Q) Jq 

where M is the Hardy-Littlewood maximal operator. Observe that 

CuWwW'a^ < \\w\\a^ < \\w\\ap (1 < p < oo) 

and the first inequality here cannot be reversed (see [7J for the details). 

One of the main results in [7] is the following improvement of (11.11) 
in the case p = 2: 

(1.3) ||T|U2(^) < c{T,n)\\w\\]l^ max{\\w\\'^^, W^'^WaJ- 

It is well known that the case p = 2 is crucial for inequality (II. ip . 
Indeed, (II. ip for any p 2 follows from the linear L'^{w) bound and the 
sharp version of the Rubio de Francia extrapolation theorem. Adapting 
such approach, the authors in [7] extended (11.31) for any p ^ 2. For 
example, it was shown that for p > 2, 

(1.4) ||T|U.(^) < c||^||i;^(||^||J^ + ||a||t)(||^||:,^)^-f, 

1 

where a = w ^-^ . 

It turns out that while the extrapolation method is powerful for (II. ip . 
it is not so effective for mixed Ap-A^o inequalities. Indeed, T. Hytonen 
et al. [6] improved (II. 4p (at least for p > 4) without the use of extrap- 
olation, namely, it is proved in [6J that 

(1.5) ||T*|U.(.) <c(T,p, n)(||«;||y;(lkli:4.)^/^' + lkllI^) (p > 1), 

where T* is the maximal Calderon-Zygmund operator. 

Soon after that, M. Lacey [9] improved (II. 5p and (11.41) for several 
classical singular integrals: 

(1.6) ||T*|U.(^)<c(T,p,n)||t.||y;max(||^|i:,^)V^',(||a||:,^)V^), 
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and it was conjectured in [9] that f ll.Gp holds for any Calderon-Zygmund 
operator. 

More precisely, (II. 6p was proved for the Hilbert, Riesz and Beurling 
operators and for any one- dimensional convolution Calderon-Zygmund 
operator with odd kernel. All these operators are unified by the fact 
that they can be represented as a suitable average of the so-called Haar 
shift operators S with bounded complexity. In order to handle such 
operators, it was used in [S] a "local mean oscillation" decomposition. 
The latter decomposition was obtained by the author in [TDj. Then, its 
various applications (in particular, to the Haar shift operators) have 
been found by D. Cruz-Uribe, J. Martell and C. Perez in P]. 

After an application of the decomposition to §, the proof of (11.61) is 
reduced to showing that this estimate is true for 



where are the dyadic cubes with good overlapping properties. This 
is done in [9] by means of a number of interesting tricks. It is mentioned 
in [9] that a more elementary approach to (used in |2] in order to 
prove ( 11. ip for classical singular operators mentioned above) does not 
allow to get (11.61) . 

In this paper we show, however, that a variation of the approach to 
from [2] allows to get mixed estimates of a different type, namely, 
we obtain U'{w) bounds in terms of 

\\w\\{Apr{Ar)^ = sup Ap{w]QYAr{w]Qf 



for suitable a and /3. The key point in our results below is that r can be 
taken arbitrary big (but with the implicit constant growing exponen- 
tially in r). Therefore, our estimates can be also considered as a kind 
of Ap-Aoo estimates. An important feature of the expression defining 
||w||(^p)Q(^^-)/3 is that only one supremum is involved. We will show in 
simple examples that ||u'||(^p)c«(yi^)^( is incomparable with the right-hand 
side of (11.61) . that is, each of such expressions can be arbitrary larger 
than the other. This fact indicates that the estimates of both types 
can be further improved. 

In the next theorem we suppose that T* is the same operator as in 
(11.60 . namely, 

T*f\x) = sup / f{y)K{x - y)dy 

£<S J e<\x-y\<5 
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where K is one of the following kernels: (i) K{x) = ^,72 = 1; (ii) 
k{^) = i^pT,"- > 2; (iii) K{z) = j^^z e C; (iv) K{x) is any odd, 
one-dimensional kernel satisfying [/^(^^(x)! < clxl^-*^"* {i = 0, 1,2). 

Theorem 1.1. For any 2 < p < r < oo, 

\\T*\\lp(w) < c(T,p,r,n)\\w\\ i i- i • 
n 111. (w) - V ,t^, /II ii^^^^_^^^^,^i 

A similar result holds for the Littlewood-Paley operators satisfying 
f ll.ip . In the next theorem, 5* is either the dyadic square function or 
the intrinsic square function (and hence the theorem is also true for 
the Lusin area integral S{f), the Littlewood-Paley function g{f), the 
continuous square functions S^{f) and g^{f)). 

Theorem 1.2. For any 3 < p < r < oo, 

\\S\\lpm < c{S,p,r,n)\\w\\^^^^_^^^^^i__^. 

Also, the result of the same type holds for the vector- valued maximal 
function (see Remark 13.21 below). 

In Section 4, we show the sharpness of the exponent in Theo- 
rems [TTT] and [L2l Also we show that the right-hand side in Theorem ll.il 
is incomparable with the one in (11. 6p . 

A natural question appearing here is whether the right-hand side in 
Theorem 11.11 can be replaced by 

\\w\\ 1 i_ 1 =snp A.p{w;Q)^A^{w;QY'^ 

[Ap)P i(Aoo) P Q 



or by 



I 1 =snpAJw;Q)p~^A'(w;QY p-' 



where A'^{w] Q) = ^ M{wxq)- 



2. Preliminaries 

2.1. Haar shift operators. Given a general dyadic grid ^ and m,k & 
N, we say that S is a (generalized) Haar shift operator with parameters 
m, k if 

QgS? Q',Q"eS>,Q\Q"cQ 

e(Q')=2-™-e(Q),e(Q")=2->'e(Q) 
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where (.{Q) is the side length of Q, hg, is a (generalized) Haar function 
on Q', and /ig,, is one on Q" such that 

II^Q' II II ^Q" II — ^' 



The number max(m, k) is called the complexity of S. 

We refer to [5] for a more detailed explanation of this definition. 
Also, it is shown in [5] that any Calderon-Zygmund operator can be 
represented as a suitable average of S"^'^ with respect to all diadic 
grids ^ and all m,k G N. In the case of the classical convolution 
operators mentioned in Theorem ll.il such an average can be taken only 
of S^'*^ with bounded complexity. This fact was proved in the works 
[1] (the Beurling operator), |T2] (the Hilbert transform), [13j (the Riesz 
transforms), [H] (any one-dimensional singular integral with odd 
kernel) . 

Similarly to the maximal singular integral T*, one can define the 
maximal Haar shift operator §*, and to get a control of T* by S* (see 
[HI Prop. 2.8]). In particular, it suffices to prove Theorem 11.11 for a 
single §* instead of T*. 

2.2. Littlewood-Paley operators. The dyadic square function is de- 
fined by 



where the sum is taken over all dyadic cubes on M". 

Let M!^+i = M" X M+ and T{x) = {{y,t) e W^-^^ : \y - x\ < t}. For 
< a < 1, let Cq, be the family of functions supported in {x : |x| < 1}, 
satisfying J ip = 0, and such that for all x and x', \(p{x) — (p{x')\ < 
\x - x'\". If / G Ll^iW) and {y,t) G we define 



This operator was introduced by M. Wilson fT5]. On one hand Gc 
pointwise dominates the classical and continuous S and g functions 
On the other hand, it is not essentially larger than any one of them. 




Aa{f){y,t) = sup \ f*<^t{y)\- 



The intrinsic square function Ga{f ) is defined by 




Denote 



T{Q) = {{y,t) G R^-^' : y G Q,i{Q)/2 < t < i{Q)} 
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and 7q(/)' = /^(Q) (Aa(/)(y,t))'^, and let 

G.(/)(a:) = ($^7Q(/rX3Q(x))'^'. 

Then we have that (see [TT] ) 

< < c(«,n)G,(/)(x). 

2.3. A "local mean oscillation" decomposition. Given a measur- 
able function / on M" and a cube Q, define the local mean oscillation 
of / on Q by 

uxU; Q) = inf ((/ - c)xQy{X\Q\) (0 < A < 1), 

where /* denotes the non-increasing rearrangement of /. 

By a median value of / over Q we mean a possibly nonunique, real 
number mf{Q) such that 

max {\{x e Q : f{x) > m^(Q)}|, \{x e Q : f{x) < mf{Q)}\) < \Q\/2. 

Given a cube Qo, denote by V^Qq) the set of all dyadic cubes with 
respect to Qq. If Q G 'P(Qo) and Q ^ Qo, we denote by Q its dyadic 
parent, that is, the unique cube from V{Qo) containing Q and such 
that \Q\ = 2"|Q|. 

The dyadic local sharp maximal function Mf.g^f is defined by 

<Qo/(^)= sup uj,if;Q'). 

xeQ'€V{Qo) 

The following theorem was proved in [lOj. 

Theorem 2.1. Let f be a measurable function on M" and let Qq be 
a fixed cube. Then there exists a (possibly empty) collection of cubes 
Qj eV{Qo) such that 

(i) for a.e. x E Qo, 

oo 

\f{x)-mf{Qo)\ < AM*flQj{x)+AY,Y.^^{f-.Q])XQ^^{^)-, 

k=i j 

(ii) for each fixed k the cubes Q'^ are pairwise disjoint; 

(iii) ifQk = ^jQj, then Qk+i C Qki 

(iv) |fifc+ing^^|<i|Q^^|. 

We shall use below the standard fact following from the above prop- 
erties (ii)-(iv), namely, that the sets Ej = Q^ \ flk+i are pairwise 
disjoint and \Ej\ > l\Qj\. 
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3. Proof of Theorems 11.11 and 11.21 

The key result implying both Theorems 1 1 . 1 1 and 1 1 . 2 1 can be described 
as follows. 

Theorem 3.1. Let T he a suhlinear operator satisfying 
(3.1) u:^i^Tf\^-,Q)<c[-^^jjf\dxy 

for any dyadic cube Q C M", where z/, 7 > 1, and the constant c does 
not depend on Q. Then for any z/ + l<p<r<oo and for all f with 
(T/)*(+oo) = 0, 



(3.2) \\Tf\\LP{w) < c\\w\\^^^^_^^^^^i^_^ \\j ||LP(„), 

where c = c(T, p, r, z/, 7, n) . 

If it is known additionally that T is, for example, of weak type (1, 1) 
(which is the case of any operator from Theorems 11.11 and 11.21) . then 
(T/)*(+oo) = for any / G L\ Hence, we get first (I32D for / e 
n L^{w), and then by the standard argument it is extended to any 

/ e LP{w). 

Condition (13.11) for the maximal Haar shift operator §*/ was proved 
in [2] (see also [9J) with u = 1 and 7 depending on the complexity. 
Hence, by the above discussion in Section 2.1, Theorem 13.11 implies 
Theorem 11.11 

Further, in the case z/ = 2 condition ( 13. ip holds for the dyadic square 
function Sd with 7 = 1 (this fact was proved in [2j), and for the intrinsic 
square function Ga with 7 = 15 (this was proved in IH]). From this 
and from Theorem 13.11 we get Theorem 11.21 

Proof of Theorem \3.1[ Combining (13.11) with Theorem 12.11 we get that 
for a.e. x G Qo; 

||r/(x)r -m|r/KQo)r/^ < c{Mf{x)+A,,,J{x)), 

where 

Therefore, the proof will follow from the corresponding bounds for 
M and A'y^u- After that, letting Qo to anyone of 2" quadrants, we 
get that m^Tfi'^iQo) (since (T/)*(+oo) = 0), and Fatou's theorem 
would complete the proof. 
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1 

By Buckley's theorem [T], ||M||2,p(^) < c(p, n)||w||^~\ which imphes 
trivially the desired bound for M. Therefore, the proof is reduced to 
showing that for any i/+l<p<r<oo, 

(3.3) IIA^/IIlpm < c||w;||^^^^_i_^^^^i__i_ ll/lUn-), 

where c = c(p, r, 7, n). 

In order to handle A^^^f , following [2], we use the duality. There 



exists a function /i > with ||/i||L{p/>')'(^„) = 1 such that 

L^(hw)- 

Further, 

(3.4) / [A,,jrhw = Y,(^ j \f\dxX I hw 



3' 



It is well-known that, by Holder's inequality, 1 < A^iw^E) for any 
measurable set E with IE"! > 0. From this, for any E d Q with 

\E\>m. 

< i\Q\/\E\YAriw;Q)wiE) < il/0'Ariw;Q)w{E). 

Therefore, w{Q^) < 2'^Ar{w; Q^)w{Ej) (the sets Ej are defined after 
Theorem 12.11) . Combining this with (13. 4p . we get 



{A^^JThw 

^ 2"'--' E(^)l^)^^^(- 



Since 



<cAp{w;3-fQ'])^^Ar{w;3-fQ';)''^^ <c\\wu,. .1- 



Ar{w;Q]r p-i 

(Ap)p-i(AO p- 
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we obtain 



By Holder's inequality, 



5 (t^L. 



hw) wiE^) 

Let and be the weighted centered and dyadic maximal op- 
erator, respectively. We will use below the well known fact that these 
operators are bounded on > 1, with the corresponding bounds 

independent of w. 

Since 1 < Ap{w; Ej), we get from this that 

\Q^\^^w{E!iy^^ < 2^^\E^\^^w{E'yy^^ < 2^^(T{E'y), 
and therefore, 

<cV/ M^{f/a)Padx<c[ M^{f /afadx < c [ \ffwdx. 

■ , JE'^ Jr" Jr" 

Similarly, 

j,k ^ J ' j.k j 

< [ {M^hf^'^^wdx <c [ h^P'^^wdx = c. 
Jr" Jr" 

Combining the previous estimates yields 
which implies (13. 3p . and therefore, the proof is complete. □ 
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Remark 3.2. Theorem 13.11 can be also used to get a new bound for 
the vector- valued maximal operator Mg defined for / = {fi}, and 
g, 1 < g < 1, by 



■i=i 




It was proved in [2] that for any 1 < p, g < oo, 

(3.5) iimjiilpw < c|i^ii;^;^^''^Y / uixn^wdxY'. 

The proof of this inequality is based on the following variant of f l3.ip 
for the vector- valued dyadic maximal operator and any dyadic Q: 

u,{{M'jr-Q)<c^j^Jjf{x)\U.dxy. 

Therefore, using the same argument as above, we obtain an improve- 
ment of (13.51) for g + l<p<r< oo: 

l|M,/|U.(.) < clli^ll . ..^ ( / \\fix)\\%wdxy'. 



4. Examples 

4.1. The sharpness of the exponent First we note that the ex- 
ponent Theorem 1 1.1 1 is sharp in the sense that \\w\\ i i_ i 

cannot be replaced by ||w||(Ap)a(yir)i-" ^ < ^^ri- Indeed, it suffices 
to consider the same example as in [1]. Let T = H is the Hilbert trans- 
form. Let w{x) = \x\^~^^^^~^^ and / = |x|~^^''x[o,i]. Then on one hand 

\lp{w) 

J_ 

p-1- 

The same observation applies to Theorem 11.21 For instance, in 
the case of the dyadic square function, exactly the same example as 



we have that > c6 ^, and on the other hand, if r > p, then 

||^||(Ap)"{Ar)i-° ^ c5~"^^~^\ Therefore, a > 



above (see (31) shows that ||w|| i i_ i cannot be replaced by 

^ '""^^ " "(Ap)5^(Ar)' ^ f J 



, , , for a < ^-r. 



4.2. A comparison with M. Lacey's bound. Let p > 2. We show 
that the right-hand sides in (II. 6p and in Theorem 11.11 incomparable. 

Let w = tx[o,i] + XiR\[o,i]- It is easy to see that 



\'^\\a„ ~ \\'W\\ 1 1 
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Further, it was shown in [7] that for any measurable set E, 

(4.1) \\tXE + XR\E\\'A^<^logt (t>3). 

Hence, < Alogt and 

Therefore, 

||t.||y>ax(||^|i:,^)W,(||^||;^^)i/p) <etVP(iogt)VP', 
which shows that the right-hand side in fll.6p can be arbitrary smaller 



than the one in Theorem ll.li 

On the other hand, for big enough let 

|2,|(p-i)(i-5)^ xe[-l,l] 

w{x) = ■{ \x - N\^-\ X G [A^- 1,A^ + 1] 
1, otherwise. 

Then we have ||w|Up > c6~^p~^^ (take / = [0, 1]). Also, HwH^^ > c6~^ 
(take / = [A^, A^ + 1]). Therefore, 

But for A^ big enough the supremum defining \\w\\ i ,1 can 

attain on small intervals containing either or A^. if r > p, then for 
any such interval 



Ap{w;I)p-^Ar{w;iy p-^ < c/6, 



and hence i i_i < c/6. This shows that the right-hand 

side in Theorem 11.11 can be arbitrary smaller than the one in (II. 6p . 
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